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DIOPHANTINE APPROXIMATION WITH SMOOTH
NUMBERS
ROGER BAKER
Abstract. Let θ be an irrational number and φ a real number.
Let C > 4 and ε > 0. There are infinitely many positive integers
n free of prime factors > (logn)C , such that
‖θn+ φ‖ < n−
C−4
5C
+ε.
1. Introduction
Let θ be an irrational number and φ a real number. There are many
results in the literature concerning small distances ‖θn‖ and ‖θn+ φ‖
of θn and θn + φ from the nearest integer, suggested by the classical
inequality.
‖θn‖ < 1/n for infinitely many n ∈ N.
We mention just three here. Harman [3] has shown that
‖θp+ φ‖ < p−7/22
for infinitely many primes p, and Matomaki [7] has improved the ex-
ponent to −1/3 + ε in the case β = 0. Heath-Brown [5] has shown
that
‖θn‖ < n−2/3+ε
for infinitely many square-free n ∈ N. Here and below ε is an arbitrary
positive number.
In the present note we consider the Diophantine inequality
‖θn+ ψ‖ < n−c
for infinitely many n ∈ N that are free of large prime factors.
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Theorem 1. Let C > 4. There are infinitely many n ∈ N, free of
prime factors > (logn)C , such that
‖θn + φ‖ < n−
C−4
5C
+ε
The main ingredient for the proof of our theorem is a result of Fouvry
and Tenenbaum [2] on exponential sums
(1.1) S∗ :=
∑
n∈S(x,y)
e
(
n
(
a
q
+ δ
))
where S(x, y) denotes the set of integers in [1, x] free of prime factors
> y, with cardinality Ψ(x, y). One might hope to use a recent estimate
of Harper [4, Theorem 1] for sums S∗, but it is not possible to satisify
the requirement
q ≤ x1/2/2y3/2
of that theorem. We write L = log x.
Lemma 1. Let 3 ≤ y ≤ x1/2, a > 0, q ≥ 1, (a, q) = 1. Then for δ ∈ R,
the sum S∗ defined above satisfies
δ∗ ≪ xL3
(
y1/2
x1/4
+ q−
1
2 +
(qy
x
) 1
2
)
(1 + x|δ|).
Proof. [2, The´ore`me 13]. Note that the condition a > 0 can be removed.

We conclude this section with some further lemmas that will be used
in the proof of Theorem 1.
Lemma 2. Let y = (log x)C where C > 1. For large x, we have
x1−
1
C
− ε
8 ≪ Ψ(x, y)≪ x1−
1
C
+ ε
8
Here and below, implied constants depend at most on ε.
Proof. This follows by combining (1.7) of [6] with Theorem 1.2 of [6].

We write u = log y/ logx. We denote by α = α(x, y) the unique
solution of ∑
p≤y
log p
pα − 1
= log x.
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Lemma 3. For x ≥ y ≥ 2 and 1 ≤ c ≤ y, we have
Ψ(cx, y) = Ψ(x, y)cα(x,y)
(
1 +O
(
1
u
+
log y
y
))
Proof. This is Corollary 1.7 of [6]. 
Lemma 4. For sufficently large x and y = (log x)C, where C > 1, we
have ∣∣∣∣α−
(
1−
1
C
)∣∣∣∣ < ε.
Proof. In [6] it is shown that
α = 1−
log(u log(u+ 1))
log y
+O
(
1
log y
)
.
The result follows on substituting y = (log x)C . 
Lemma 5. Let x1, . . . , xn be a real sequence with ‖xn‖ ≥ M
−1
(1 ≤ n ≤ N), where M is a positive integer. Then
M∑
h=1
∣∣∣∣∣
N∑
n=1
e (hxn)
∣∣∣∣∣ ≥
N
6
.
Proof. This is found in [1], for example. 
Lemma 6. Let q,H ∈ N and A > 1. Let E be the set of integers h in
[1, H ] with
(q, h) ≥ A.
Then
#(E) ≤ d(q)HA−1.
Proof. We have
H∑
h=1
(q, h) ≤
∑
d|q
∑
k≤H
d
d ≤ d(q)H.
Hence
#(E)A ≤ d(q)H. 
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2. Proof of Theorem 1
Let a
q
be a convergent to the combined fraction of θ with q sufficiently
large and (a, q) = 1, so that
(2.1)
∣∣∣∣θ − aq
∣∣∣∣ < 1q2 .
We may suppose that ε is sufficiently small, so that
γ :=
C − 4
5C
−
ε
2
> 0.
Define x by
(2.2) x(1+γ)/2 = q.
Suppose that n ∈ N satisifies
(2.3)
∥∥∥∥anq + β
∥∥∥∥ ≤ x−γ , x < n ≤ 2x, n ∈ S(2x, y),
where y = (log x)C . Then n is free of prime factors > (logn)C . More-
over,
‖αn+ β‖ ≤ x−γ +
∣∣∣∣α− aq
∣∣∣∣ 2x
≤ x−γ +
2x
x1+γ
< n−
C−4
5C
+ε,
using (2.1), (2.2). Hence it will suffice to show that (2.3), has a solution
n.
Suppose that this is not the case. Taking H = [xγ] + 1 in Lemma 5,
we obtain
(2.4)
H∑
h=1
|Sh| ≥
Ψ(2x, y)−Ψ(x, y)
6
.
Here
Sh =
∑
n>x
n∈S(2x,y)
e
(
han
q
)
.
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We deduce from Lemmas 3 and 4 and (2.4) that
H∑
h=1
|Sh| ≫ Ψ(x, y).
Let
Bj = { h ∈ [1, H ] : 2
j−1 ≤ (q, h) < 2j} (j ≥ 1, 2j−1 ≤ H).
There is a j ≥ 1, 2j−1 ≤ H for which
∑
h∈Bj
|Sh| ≫
Ψ(x, y)
L
.
We select h ∈ Bj with
|Sh| ≫
Ψ(x, y)
L#(Bj)
.
We obtain an upper bound on |Sh| as follows. We have
ha
q
=
a0
q0
, (a0, q0) = 1, q0 =
q
(q, h)
.
We use Lemma 1 twice, with δ = 0 and x, 2x in the role of x. We have
Ψ(x, y)
L#(Bj)
≪ |Sh| ≪ T1 + T2 + T3
where
T1 = x
3/4L3y1/2,
T2 = xL
3q−1/2o ,
T3 = x
1/2L3q1/2y1/2.
It is not the case that
Ψ(x, y)
L#(Bj)
≪ T1.
For this would imply, in conjunction with Lemma 2, that
1−
1
C
− γ −
ε
6
<
3
4
+
ε
6
,
γ >
C − 4
4C
−
ε
3
,
which contradicts the definition of γ.
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Moreover, it is not the case that
Ψ(x, y)
L(#(Bj)
≪ T3.
For this would imply that
1− 1/C − γ − ε/6 < 1/2 +
1 + γ
4
+
ε
6
,
which contradicts the definition of γ. Hence we must have
Ψ(x, y)
L#(Bj)
≪ T2,
and recalling Lemma 2,
q0 ≪ x
2
C
+ ε
3 |Bj |
2.
This yields, in conjunction with Lemma 6,
q ≪ x
2
C
+ ε
3 |Bj|
2 2j.
≪ x
2
C
+γ+ 2ε
5 |Bj | ≪ x
2
C
+2γ+ ε
5 .
Hence
1 + γ
2
≤
2
C
+ 2γ +
ε
2
,
γ ≥
C − 2
3C
−
ε
2
,
which is a contradiction. Thus a solution of (2.3) does exist, and the
proof of Theorem 1 is complete.
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